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Abstract 
It is shown both in characteristic p>O and in mixed characteristic p> 0 that if R is a perfect 
ring in the first case or R/pR is perfect in the second case, then, under some additional conditions, 
the radical of a finitely generated ideal has finite Tor dimension, and bounds are obtained. Let 
R’ denote the integral closure of the domain R in an algebraic closure of its fraction field. 
The results are applied to show that R + is not coherent when R is Noetherian of dimension 
at least 3, and, under additional restrictions, when the dimension is 2. Motivation for this question 
connected with tight closure theory is discussed. @ 1997 Elsevier Science B.V. 
1991 Math. Subj. Class.: 13A35, 13B22, 13D99, 13H99 
1. Introduction 
Throughout this paper all rings are commutative, associative, with identity, and all 
modules are unital. Following [2], if R is an integral domain, we refer to an integral 
closure of R in an algebraic closure of its field of fractions as an absolute integral 
closure for R, or even as the absolute integral closure of R, and denote it Ri. Evidently, 
it is unique up to non-unique isomorphism, since this is true for algebraic closures of 
fields. 
The advent of the recent theory of tight closure, for which we give [l l] as a basic 
reference, and its intimate connection with rings of the form R’, for which we refer 
the reader to [ 12, 14, 171, has created tremendous motivation for studying these rings. 
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Even if one is only interested in the behavior of Noetherian rings, it is now clear that 
the behavior of the rings R+ when R is Noetherian provides a wealth of information. 
Moreover, the properties of these rings turn out to be utterly surprising. 
In the next section we review some of the properties of absolute integral clo- 
sures and their connections with tight closure theory and the existence of big Cohen- 
Macaulay algebras. We also explain in some detail why the question of whether these 
rings are coherent or not is very natural from the point of view of tight closure 
theory. 
In the third section we prove some surprising results on finiteness of Tor dimen- 
sion of certain ideals in these and some related rings. Some of what is proved is 
foreshadowed in [lo]. 
In the fourth section we use these results to prove that if R is a complete regular 
local domain of characteristic p, R + is not coherent in general if its Km11 dimension 
is at least two. 
2. Absolute integral closures, tight closure, and big Cohen-Macaulay algebras 
A domain is called absolutely integrally closed if it has no proper domain extension 
that is integral over it. It is easy to see that R is absolutely integrally closed if and 
only if every manic polynomial over R has a factorization over R with manic linear 
factors. By virtue of this characterization, the property is retained if one kills a prime 
ideal. Another characterization is that R is absolutely integrally closed if and only 
if its fraction field is algebraically closed and R is normal, i.e., integrally closed in 
its fraction field. The property of being absolutely integrally closed is preserved by 
localization at an arbitary multiplicative system. 
Every domain R has an integral extension domain R + that is absolutely integrally 
closed: simply choose an algebraic closure L of the fraction field K of R, and let R+ 
be the integral closure of R in L. It follows that R+ is unique, as an R-algebra, up 
to (non-unique) R-isomorphism, since the algebraic closure of a field is unique up to 
(non-unique) isomorphism. In fact, it is easy to see that if P is prime in R and Q is 
a prime of Rf lying over P, then (R/P)+ C R’/Q, and that if W is a multiplicative 
system in R then ( W-lR)f E ( W-‘)(R+). 
Rf has some surprising properties: the sum of two (or any family) of prime ideals 
is either all of R+ or prime, and the sum of two (or any family) of primary ideals is 
primary to the sum of the corresponding primes. Cf. [5, 121. 
If R is a complete or Henselian local domain, then Rt is quasilocal, i.e., has a 
unique maximal ideal. 
We note the following, which is the main result of [12]. 
Theorem 2.1. Let R be an excellent domain of characteristic p such that R is local 
(or semilocal, and with all maximal ideals of the same height). Then every system 
of parameters for R is a regular sequence in Ri. 
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Here, when R is semilocal with all maximal ideals of height n, by a system oJ 
parameters we mean a sequence xi,. . . , x, of length n in the Jacobson radical of R 
such that R/(x1,. . ,x,)R is zero dimensional. 
It is worth noting that the result corresponding to Theorem 2.1 is false in equal 
characteristic zero in dimension 3 or higher. 
Thus, although R+ is not a Noetherian ring, it has quite astonishing properties that 
make it, in some ways, better behaved than a Noetherian ring. Our interest in proper- 
ties of R+ related to coherence is motivated, in part, by the following important open 
question. 
Question 2.2. Suppose that R is a locally excellent Noetherian domain and let Z be an 
ideal of R. Is the tight closure I* of I the same as IR+ nR? 
It is known that IRR+ n R CR* quite generally (cf. [13]) and it is shown that 
Question 2.2 has an affirmative answer for ideals generated by parameters in [ 171, 
and, using this, for ideals of finite phantom projective dimension in [2] (see also 
[ 1, 31 for the basic theory of modules of finite phantom projective dimension). There 
is a question analogous to (2.2) for modules, and there is a result in [2] for modules, 
but, for simplicity, we are restricting attention to the ideal case here. 
Proposition 2.3. Let R be a Noetherian domain of characteristic p and let I be an 
ideal of R. Let u be an element of R. If (I + (u))R+ is finitely related and u is in 
the tight closure of I, then u is in IRi n R. In particular, tf R is locally excellent and 
R/(I + uR) has finite phantom projective dimension and u E I* then u E IR+ n I. 
Proof. Since R is Noetherian, I is finitely generated, and the fact that (I + (u))R+ is 
finitely related implies that the ideal IR+ :~+u is a finitely generated ideal, call it J, of 
Rf. Since u is in the tight closure I, we can choose a non-zero element c of R such that 
ct.8 E 1’41 for all q=p’ > 0, which shows that c’/qu E IR’iq C_ IRi, so that cl/q E IRi :R- u 
for all large q and, hence, for all q=p’. It follows that the finitely generated ideal J 
contains all the elements cl/q. But this is impossible if J is not the unit ideal. To see 
this, choose a module-finite extension domain S of R containing generators of J, and let 
m be a maximal ideal of S containing J. Then there is a Noetherian valuation domain 
V containing S such that the maximal ideal tV of V lies over m. It follows that all 
the elements cl/q are in tV+. But the valuation (with values in the integers) associated 
with V extends to a valuation v of V+ to the rational numbers, and for sufficiently 
large 9, 
will be smaller than v(t), a contradiction. 
The final statement is now immediate: the finite phantom resolution for the quoti- 
ent R/(Z + (u)) becomes acyclic when one tensors with R+, from which it follows 
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that R/(Z + (u))R+ has a finite free resolution over R+, and this implies at once that 
(1-t (u))R + is finitely related. 0 
Thus, if Ri were coherent, one would have at once that I*=IRi n R for every ideal 
I of R, which in turn would imply that tight closure localizes well. We shall soon see 
that coherence itself fails for Rf. It is still possible that some weaker property than 
coherence, but still strong enough to make some form of the argument given in the 
proof of (2.3) go through, does hold. Ironically, our proof of the failure of coherence 
in Ri makes use of the fact that very strong vanishing theorems for Tor hold for Rf: 
these are discussed in the next section. 
3. Tor dimension of radical ideals in perfect reduced rings 
We recall that an R-module M has finite TOY dimension at most d if, equivalently: 
(1) For all modules N, Torf(M, N) = 0 for all i > d. 
(2) A4 has a left resolution by flat modules of length at most d. 
(3) For any projective resolution G. of A4, the image of Gd + Gd-i is flat (i.e., 
any dth module of syzygies is flat). 
By convention, Tordim 0 = - 1. Note that Tor dimA = 0 iff M is a non-zero flat 
module and Tor dim M = 1 if and only if M is not flat but there are flat modules 
Gi C Go such that A4 E Gs/Gi. 
For the rest of this section fix a positive prime integer p. We shall use the letter q 
to represent pe, where e is a non-negative integer. In this section all the rings R con- 
sidered are either perfect of prime characteristic p (meaning that the Frobenius endo- 
morphism is an automorphism) or else have the property that R/Rad (pR) is perfect. 
More precisely, we shall always assume that R has one of the following two properties: 
(1) R is a ring of characteristic p such that the Frobenius endomorphism F : R + R 
is an automorphism (note that this implies that R is reduced), or 
(2) R is a reduced ring, p is a non-zerodivisor in R, Rad pR is a direct limit of 
principal ideals generated by roots of p, and R/Rad pR is perfect. 
Note that rings satisfying these conditions are almost never Noetherian. Condition (2) 
implies that RadpR is flat as an R-module, since every root of p will also be a non- 
zerodivisor, and a direct limit of flat modules (in this case, free modules) is flat. 
Note as well that any reduced ring R of characteristic p has a purely inseparable 
(in the sense that every element has some peth power in R) extension ring Rm that 
is perfect (and this extension is unique, up to unique R-isomorphism): Rm may be 
constructed as the direct limit of the system 
where F is the Frobenius endomorphism. This limit system of rings isomorphic with 
R and injective maps may be thought of instead as 
R C RI/P C R’iP= & . C R’lPe C R’iP”” . . . . - _ 
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Also note that if R is any domain containing Z, then Ri satisfies (2), as does any 
normal integral extension S of R closed under taking pth roots. The point is that 
Rad pR will be the increasing union U, peS, where the elements pe are constructed 
recursively: po=p and, for all e, pe+l is a pth root of pe. (If u E Rad pR then u” E pR 
for al1 n >> 0, and so we may choose n=q=pe such that uq=ps=( p,)qs with s E S. 
Then (u/p,)4 ES and so uIpe is a fraction integral over S and, hence, in S, so that 
u E peS.) Thus, Rad pS= U, ~$3. 
Theorem 3.1. Suppose that (f, , . . . , fd)R is an ideal with Z=Rad(fi,. . , fd)R and R 
is as in (1) or (2) above, and also suppose that XI = p in case (2). Then Tor dim RJI 
5 d. Moreover, in case (2), if p is not a zerodivisor on the R-module M then 
Torp(R/I,M)=O ifi>d - 1. 
We postpone the proof until after we have discussed some preliminary material. 
Remark 3.2. Let {Ri.}r. E A be a direct limit system of rings with direct limit R. For 
each I l /i let ME. and N), by RA-modules, and suppose that the {Mi}~~n is a direct 
limit system, where each map ME. --f M,, with 15 p is Ri-linear. Assume that {Ni}iEn 
is a direct limit system in the same sense. Then the respective direct limits A4 and N 
are R-modules, and for all i we may identify To&M, N) with the direct limit of the 
modules TorF(MA, Nj,). See [7, Chapter VI, Exercise 171. 
We recall some notation and facts from [lo]. When R is perfect of characteristic p, 
an ideal J is radical if and only if J=F-l(J), where F is the Frobenius endomorphism. 
It follows that the sum of two (or any number of) radical ideals is radical, and that 
a finite product of radical ideals is radical (and is the same as their intersection). The 
radical of the principal ideal XR is the same as the ideal Urx”P’R, and we sometimes 
denote this ideal by (x”)R. Let J,, . . , J, be ideals in a ring S. For each i let K.(Jj; S) 
be the complex 0 --f J, ---) S + 0. If J=JI,...,Jn then 
K.(J; S)=&K.(Ji; S). 
i=l 
We have the following proposition from [lo]: 
Proposition 3.3. If T is a perfect algebra of char p > 0 and J = JI , . , J, is a sequence 
of ideals such that Ji = F-‘(Ji), at most one of which is not pat, then K.(J; T) is 
acyclic. In particular, ifxl , . . . ,x, are non-zerodivisors in T then K.((xr )), . , (x,” ); T) 
is a jlat resolution of T/((xr), . . . , (x,“)). 
Proof of Theorem 3.1. We first consider the situation of (1 ), where R is perfect. Since 
every R-module is a direct limit of finitely presented R-modules, it suffices to show 
for every finite matrix p of elements of R that, with M=Cokerp, Tori(R/I,M)=O for 
i >d. Let K=Z/pZ and let S vary through rings of the form Sam CR, where SO is a 
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finitely generated subalgebra of R containing the f's and the entries of ,u. For every 
such S, let ps denote the map of free S-modules represented by ~1. Let M,=Cokerps. 
Let Zs=Rad(xl, . ,xd)s. Then by Remark 3.2 we may view Tori(R/I, M) as the direct 
limit of the modules Torl(S/&, MS), and so it suffices to consider the case where R 
is replaced by S. Since Tordim may be calculated locally, we may assume that R has 
the form T”O where (T, m) is a Noetherian local ring containing the f’s. In particular, 
we have that T, and, hence, R, has only finitely many minimal primes. Suppose that 
Z=Rad(ft , . . . , fd). 
Assume first that htI > 0. We want to show that we may choose d generators for 
(ft,. . , fd)T avoiding the minimal primes of T (since the set of zerodivisors of a re- 
duced ring is the union of the minimal primes). Since m(J). . , fd) g U{P : P minimal 
in T} we have by [15, Theorem 1241 that for each i, there exists g1 E m(f,, . . , fd)T 
such that f; +gi is not in any minimal prime of T. Replacing fi by fi + gi we may as- 
sume that each fi is a non-zerodivisor in T and, hence, in R. Then K.(( fp”), . . . , ( fdW); 
R) is a flat resolution of R/((fp”) + . . . + (fdoo))=R/Z, by Proposition 3.3. 
Suppose now that ht( f,, . . . , fd)T=O. If d=O there is nothing to prove, so assume 
thatd>l.Then(fi,...,fd)T is not (0), and so cannot be contained in all the minimal 
primes of T. Let g $ I be an element in the intersection of all the minimal primes of 
T not containing (fi ,..., fd)T. Let J=(g”) in R. 
Then I + J is a radical ideal of positive height and I n J=O. Thus we have a short 
exact sequence 
0 + R/(I n J)=R --f R/I @R/J + R/(I + J) + 0. 
It follows that the Tor dimension of R/I @ R/J is at most the supremum of the Tor 
dimensions of R and R/(I + J), and so Tor dim R/I < TordimR/(I + J). Thus, it will 
suffice to show that TordimR/(Z + J) 5 d. Since I + J has positive height, it will be 
enough to show that it is the radical of a d generator ideal. But, writing f =fi, we have 
that I + J=Rad(g + f, fz, . . . , fd)R, because, since fg=O, we have that f 2=f (g + f) 
and g’=g(g + f). 
We now consider the case where R satisfies (2). If d=O there is nothing to prove, 
so we assume that d > 1 and f 1 =p. Let N=syzM be the kernel of a map Q --H A4, 
where Q is free. Then Tor/(R/I, M) ?’ Tor,!?,(R/I, N) for i >d since d 2 1, and so it 
suffices to prove the last statement in the theorem, concerning the case where p is not 
a zerodivisor on M. In this case, consider a free resolution 
. . . -+ G,, -+ . . . +Go+M~O 
for M. Since p, and, hence, any root of p is a non-zerodivisor on all of these modules, 
if u denotes any root of p we have that the subcomplex 
. . . + uG, + . . +uGo+uM+O 
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is exact. Let J=Rad pR. Taking a directed union, we obtain that the subcomplex 
. . --+JG,--t... +JGO-+JM+Q 
is exact, and hence that 
. 4 G,/JG,, + . . . --+ GO/JGo + MiJM --t 0 
is exact. This yields a free resolution of MIJM over the ring R/JR. If we drop the 
term MIJM and use the resulting free complex to compute Tor,?(R/I, MIJM), we see 
that this module is isomorphic to Tor,F(R,lI,M). Now, the first module R/I in the first 
Tor may be thought of as (R/J)/(IJJ). Since R/J is a perfect ring, and since I/J is the 
radical of the ideal generated by the d - 1 elements that are the images off 2,. . . , fd in 
this ring, the characteristic p form of Theorem 3.1 shows that Tor,!‘J(R/Z,M/JM)=O 
for i > d - 1, as required. 0 
Corollary 3.4. Let R be a perfect ring. Then the ideal (xoo) is fiat for every x E R. 
Proof. By Theorem 3.1, Tor dim R/(x~ ) 5 1, so (x”O ) is flat by condition (3) of the 
definition of Tor dimension. 0 
In fact, one may prove Corollary 3.4 directly by using the equational condition for 
flatness of a module M (relations on M come from relation already in R) and reducing 
immediately to the case that R=P where S is Noetherian. Theorem 3.1 (in case (1)) 
then follows as a direct application of Theorem 3.3. 
Theorem 3.5. Let R be a Noetherian domain, let Q be a maximal ideal in S=R+, 
and let rn=Q n R. Let d= dim R,. Then if S/Q has characteristic p > 0, Tor dims S/Q 
5 d. If S has characteristic p, then Tor dims S/Q=d, while if S has characteristic 0 
while S/Q has characteristic p (i.e., the mixed characteristic case) then Tor dimsS/Q 
2 d - 1. Furthermore Tor dims S/Q=d in all mixed characteristic cases if and only 
iJ’ the direct summand conjecture holds in mixed characteristic. 
Proof. Choose a system of parameters xl, . . . , xd in the maximal ideal of R,. In 
mixed characteristic p, we may additionally suppose that xl=p. The calculation of 
Tor dims S/Q is local on the maximal ideals of S, and localizing at any maximal ideal 
other than Q makes S/Q vanish, so that Tor dims S/Q=Tor dims, S/Q (note that S/Q 2 
S,/QS,). But QSe will be the radical of (xl, . . . , Xd)S& and so either condition (1) or 
condition (2) needed to apply Theorem 3.1 will hold, so that Theorem 3.1 yields that 
TordimsQ S/Q 5 d. It remains to see that this Tor dimension is at least d in the equal 
characteristic p case and is at least d - 1 in mixed characteristic, and is equal to d in 
mixed characteristic if and only if the direct summand conjecture holds. 
Now suppose that there is an $-module M and a regular sequence yl, . . . , yk in QS, 
on M of length k. Suppose also that QS,M #M. Then if the highest 
non-vanishing Torp(S/Q,M/(yr, . . , yk)M) occurs when i=h (not all can vanish, for 
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our hypothesis implies that the Tor does not vanish when i=O), then the highest 
non-vanishing Torp(S/Q,M) occurs when i=h + k. (By induction on k, this reduces 
at once to the case where k=l. Let y=yr. The exact sequence 0 + M s MG+ 
M/yM + 0 yields a long exact sequence for Tor in which every third map is given by 
multiplication by y and so is 0, i.e., one has short exact sequences O+TO$~(S/Q,M)- 
To$‘(S/Q,M/yM) + Torsfl, (S/Q,M) + 0 for all j, and the stated result now follows 
easily). 
Next note that in mixed characteristic there is an Sp-module M such that x2,. . ,xd 
is a regular sequence on M, while if S has characteristic p we can choose M such 
that xi, . . . . xd is a regular sequence on M. Morover, in both cases, QM # M. In the 
characteristic p case one may use the fact that S, is a direct limit of local rings of 
characteristic p in which x1, . . , xd is a system of parameters. The construction of big 
Cohen-Macaulay modules by modification will work for the direct limit, for if some 
finite sequence of modifications of the direct limit were “bad” in the sense of [9], this 
would also be true for one of the algebras in the direct limit system. In the mixed 
characteristic case one applies the same construction to the ring obtained from S, by 
killing a minimal prime of p. 
This remark, coupled with the observation in the preceding paragraph, shows that 
the Tor dimension of S/Q must be at least d - 1 in mixed characteristic and must be 
at least d in characteristic p. 
We now do a finer analysis which makes the connection with the direct summand 
conjecture in mixed characteristic. The technique we use also gives a second proof that 
the Tor dimension is at least d in characteristic p. Thus, we shall continue to consider 
both cases. 
We first note that if there is a module M such that Tor:(S/Q,M) # 0 then, by a 
direct limit argument there is also such a module that is finitely generated. Since M 
will then have a finite filtration in which the factors are cyclic modules, there must be 
such a module which is cyclic. Moreover, since S,/J is the direct limit of the modules 
SQ/JO where Jo runs through the finitely generated subideals of J, it follows that if 
there exists M such that Torp(S/Q,M) # 0 then there exists such an M of the form 
S,/J where J is finitely generated. 
To proceed further, we want to construct an explicit flat resolution of S/Q that can be 
used to calculate the dth Tor. This has already been done in [LO], although in slightly 
different generality. Again, assume that xi, . . . , xd is a system of parameters and that 
xl =p in the mixed characteristic case. If z is any non-zero element of S,, let z, denote 
a p”th root of z for all n > 1. These may be chosen so that z[=z,_i for all n > 1, 
where zg=z. As earlier, let (zoo) denote the union of the principal ideals generated 
by the z, in the domain S,. This is a flat ideal of S,, since it is a direct union of 
principal ideals, each of which is a free module over S,. This union is independent of 
how the roots are chosen, since the ring contains all roots of unity. Note that if y, z 
are two non-zero elements of the ring then (y”) @s, (zo3) may be naturally identified 
with (y”)(z”) and this ideal is the same as ((yz)“). Then the total complex of the 
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tensor product of the complexes 0 + (xi”) + SQ + 0 gives a flat complex and this 
complex is acyclic.’ It now follows that the Tor dimension of S/Q is d if and only if 
there exists a finitely generated ideal I of SQ such that the last non-trivial map in the 
resolution of S/Q has a kernel after we apply @‘sg SQ/I. To check this, it is convenient 
to think of the complex in a slightly different way. We may think of the complex 
0 + (x,” ) -+ SQ -+ 0 as the directed union of the complexes 0 + (xin) + SQ + 0, and 
the latter may be identified with the Koszul complex 0 + SQ + SQ + 0, where the 
map may be identified with multiplication by xin. Then in the direct limit system, the 
map on the left copy of SQ in the nth complex is given by multiplication by x&i,. 
Tensoring these together, we see that the resolution of S/Q over SQ is given by the 
direct limit of the (homological) Koszul complexes &(x1,, . . . ,x&,; SQ). After tensoring 
with SQ/I we have that the kernel at the dth spot is the annihilator of I,, = (xl,,, . . ,xdn) 
in Q/I, and so the condition for the Tor dimension of S/Q to be d is that there exist 
a finitely generated ideal I of SQ and an element u in the nth annihilator that is not 
killed by mapping forward. But then we can give an example with the same properties 
in which SQ/I is replaced by SQ/I,,: we can map SQ/I,, to SQ /I so that the image 
of the class of 1 is U. The class of 1 cannot map to 0 as we map forward in the 
direct limit system, or the same will be true for U. As we map 1 forward its image 
is represented by the product of the xin to a power of the form s/q, where q is a 
power of p, say pe, and 0 2s <q is an integer. Let z; =x,,,+,. The condition wanted 
is that (z,,...,zd)s@(z4 1,. . . ,zz) in SQ with s < q. If the monomial conjecture (or direct 
summand conjecture: they are equivalent) holds then this is the case, since SQ is a 
direct limit of Noetherian local domains in which ZI, . . . , zd is a system of parameters, 
and the Tor dimension will be d. This gives a second proof in characteristic p, where 
the monomial conjecture is known to hold. On the other hand, if the Tor dimension is 
always d then the direct summand conjecture holds: one only needs the case where R 
is a formal power series ring over a discrete valuation ring (in which case S = Rf is 
already quasilocal). The fact that the conditions holds for suitable parameters implies 
that the local cohomology of S with support in the maximal ideal does not vanish, and 
this implies the direct summand conjecture by the results of [lo]. 0 
’ One may use the arguments of [lo], but we give a brief sketch of a simpler argument. We prove the result 
by induction on the number of Xi (but require that XI =p in the mixed characteristic case). By the induction 
hypothesis, tensoring the first k - 1 of the short complexes together gives a resolution of J= C:~,‘(X,~), 
which is a radical ideal (this may be checked modulo (xp0) in the mixed characteristic case, and then in 
either mixed characteristic or characteristic p follows from the fact that in characteristic p, the pth root of 
a sum is the sum of the pth roots). We need only show that when we tensor the flat resolution of S,iJ 
that we have by induction with the short resolution 0 + (x,“) + SQ + 0, the resulting total complex is 
acyclic. But its homology consists of the modules Torp(SQ/J,SQ/(xkoo)). Since the second entry has a flat 
resolution of length 1, only the Tor for t=l is a problem, and Torse(S~/J,S~/(xp)) = J n (x,~)/J(x,~ ). 
Consider any element u in the intersection of the two ideals. Since u has a p th root v in the ring and both 
ideals are radical, u is in each of the ideals. Then u=uP-‘t’ is in the product of the ideals, since we may 
think of one factor as being in J and the other in (xkm ). 
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As demonstrated in Theorem 3.5, the Tor dimension of R+ when R is a local ring of 
mixed characteristic is intimately connected to the homological conjectures, however, 
we wish to point out that R+ is rarely a balanced big Cohen-Macaulay algebra in this 
case. 
Proposition 3.6. Let R be a complete domain having mixed characteristic. If 
dim R > 4 then R+ is not a balanced big Cohen-Macaulay algebra for R. 
Proof. Since R is a complete domain, R is module finite over the regular ring A = 
m2,~~~ > xd]] where I’ is a complete valuation domain with maximal ideal pV. Hence 
R+ =A+. If 5’ is a normal module finite extension algebra of A and Q E Spec S lies 
over (x2 , . . . ,xd)A then the ring SQ is a normal ring containing the rational% and hence 
splits out of any module finite extension via the trace map. Thus any bad relation 
on x2,. . .,xd in SQ remains a bad relation in (A+)Q = (AQ)+ = (SQ)+. If d > 4 then 
dim SQ > 3 and so an SQ can always be obtained which is not Cohen-Macaulay. 0 
Proposition 3.6 leaves open the question of whether or not a system of parameters 
which includes p can be a regular sequence on R +. Another interesting question to 
answer is whether or not R+/Rad(pR) is a big Cohen-Macaulay algebra of some sort 
when R is a (complete) local domain of mixed characteristic. 
Theorem 3.5 gives no information when the ring involved is equal characteristic 0. 
We ask the following question: 
Question 3.7. If R is a complete local domain containing Q then is the Tor dimension 
of Tor dim R+/mR+ equal to dim R? 
Lemma 3.8. Let (R,m) be a quasilocal ring of dimension d such that every d-eIement, 
m-primary ideal is a regular sequence. If every finitely generated m-primary ideal is 
contained in a d-generated ideal then Tor dim R/m 5 d. 
Proof. We have that R/m is the direct limit of the rings R/I, where I runs through the 
finitely generated m-primary ideals. Computing Tor commutes with direct limits and 
if I G(xi,. . . ,Xd) we get TOQ+l(R/I,_) --+ Tord+t(R/(xr , . . . ,xd),_) = 0. Hence we have 
that TOrd+i (R/m, _) = 0. 0 
Corollary 3.9. Let (R,m) be a complete domain of dimension two containing Q. Then 
tf every finitely generated m-primary ideal of R+ is contained in a two-generated ideal 
of R+ we have Tor dim R+/rnR+ = 2. 
Proof. R+ is a direct limit of two-dimensional normal and, hence, Cohen-Macaulay 
rings. Thus, every pair of elements of Ri generating a height 2 ideal is an Rf sequence. 
Now we may apply Lemma 3.8. [? 
We do not know if the conditions of Corollary 3.9 are satisfied. By an easy induction 
it suffices to show that any three-generated mR+-primary ideal (x, y,z) is contained in 
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a two-generated mR+-primary ideal (u, v). Under these conditions R+ =k[[u, v]] and we 
can assume that (x, y,z) = (u, u,z). Then z satisfies a manic polynomial with coefficients 
in k[[u, u]]. 
Lemma 3.10. Zf z satisjes a polynomial of the form X” - f (u,u) then (u, v,z) is 
contained in a two-generated ideal of Ri. 
Proof. We may assume that z” = f(u, v) where f(u, v) E k[[u,v]]. If f has a factor 
g which is a regular parameter in k[[u”‘, v]] for some h then (u,u,z) C (gl/“,g’)R+ 
where k[[u”’ , II]] = k[[g, g’]]. We now show that we can force this to happen (possibly 
after making a module finite extension). Without loss of generality, we may assume 
f is irreducible in k[[u,v]]. Then k[[u,v,]]/(f) is a complete one-dimensional domain 
and has normalization k’[[t]] where k’ is a finite algebraic extension of k. Then u 
maps to yth for some unit y E k’[[t]]. y has an hth root (after a finite extension) since 
char(k’)=O, so after a change of variables we may assume that u maps to th. Thus 
the map extends to k’[[u’lh , u]] and is onto. Thus the kernel of the map has the form 
(v - G(u’!~)) where G(t) is the image of v in k’[[t]]. Since ,f maps to 0, f is a 
multiple of v - G(u”~), which is a regular parameter in k’[[ul’h,u]]. 0 
Remark 3.11. We do not know how to get the desired result when the element z 
satisfies a general equation of degree 3 or higher. For instance if z satisfies z3 +x3 + 
y3 +xyz = 0 in k[[x, y]]+ we do not know if (x, y,z)R+ is contained in a two-generated 
ideal. 
4. Failure of coherence in absolute integral closures in characteristic p 
In this section we show that the absolute integral closure of any Noetherian domain 
of characteristic p and dimension d > 3 is not coherent. We will do this by examining 
2-generated height one ideals in the divisor class group of extensions of the ring. First 
we note the implication of coherence for R+ on projective dimensions. 
Proposition 4.1. Let S be any perfect integral extension of a Noetherian ring. If S 
is coherent then pd, SJI < oc, for any finitely generated ideal I C S. If dim S 5 d then 
pd, S/I < d. 
Proof. Suppose that S is integral over R. Since finite projective dimension can be 
checked locally we need only show that pd, &/I& <co for every maximal ideal 
nESpecS. Let P=nnR and let d=dimR p. Then dim S,, = d since R C S is inte- 
gral. If XI,... ,xd is a s.o.p. for RP then nS = Rad(xi , . . . ,xd)S,,. Since S is coherent 
so is S,, ([8, Theorem 3.4.21) and S,,/IS,, has an &,-resolution by finitely generated S, 
modules [8, Corollary 3.5.21. Since S, is quasilocal there is a minimal resolution of 
&/IS,, and the ith betti number is given by the vector space dimension over S&S, 
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of To~(S,,/IS,,S,,/nS,,). S,, is perfect, so by Theorem 3.1, TordimS,JnS, Id, hence 
pd S&S, 5 d. 0 
Corollary 4.2. Let R be any Noetherian domain of finite Krull dimension. If Ri is 
coherent then Rf has jinite jinitistic projective dimension d = Krull dim R. 
We need the following result in [18]: 
Lemma 4.3 (Vasconcelos [ 18, Theorem 5.21 and Proof]). Let (R, m) be a quasilocal 
coherent domain. If pd R/(a, b) < 00 then pd RJ(a, b) 5 2. 
Suppose that R is a normal Noetherian domain. Then the divisor class group Cl(R) 
is an abelian group measuring how far R is from being a UFD. Whenever R AS is 
an injective module-finite map of normal domains then there are maps Cl(R)+Cl(S) 
and Cl(S) + Cl(R) such that the composite map is multiplication by [S: R] on Cl(R) 
(see [6]). In particular, if some element u of Cl(R) is mapped to 0 E Cl(S) then u is 
a torsion element of Cl(R). 
Proposition 4.4. Let (R,m) be an excellent normal Noetherian domain of character- 
istic p and let (a,b)R be a height one ideal. If Rt is coherent then there is an element 
s E R’, not in any minimal prime of (a, b)Rt, for which [(a, b)R,] E CI(R,) is a torsion 
element. If R is Henselian then we may take s = 1. 
Proof. By Proposition 4.1 and Lemma 4.3, pd,, R+/(a, b) 5 2. Either (a, b)R+ is prin- 
cipal, or projective of rank 1, or has a resolution 
O+Q+(R+)’ yR+ + R+/(a, b) + 0 
where Q is projective of rank 1. If (a, b)R+ = & then [(a, b)R[ol]] = 0. If (a, b)Rt is 
projective then it becomes free after localizing at some element s E R+, i.e., (a, b)R: is 
principal so we are done. Assume now that the third condition holds. Choose s E R+ not 
in any minimal prime of (a, b)R+ such that Qs 2 R,f. In this case we get a resolution 
u [I O--+Rz L (Rz)2 3 Rz+R:/(a,b)+O 
where ht(u,v)Rf =2 and hence u,v is an Rz-regular sequence (since R+ is a directed 
union of normal rings). Thus a and b have a GCD in R, +. Letting T be the normalization 
of Rs[u, u, v] (where a = mu, b = - au) we get [(a, b)T,] = [aTs] = 0 in Cl( T,). Thus by 
the above remark, [(a, b)R,] is a torsion element. 
If R is Henselian then Rt is quasilocal, in which case all projectives are free, so 
there is no need to localize. q 
Theorem 4.5. Let (R,m) be a complete local domain of characteristic p having di- 
mension d 2 3. Then R+ is not coherent. 
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Proof. Let S be a regular domain contained in R over which R is module finite. Then 
S+ = R+ so we may assume that R is regular. Let u, v, w be regular parameters for R. 
Let T = R[z] = R[Z]/(Z2 - Zw - uu). Then 2’ is a local normal domain and (z, u)T is 
a height one prime ideal of T which has infinite order in Cl(T). Complete rings are 
Henselian, therefore R+ = T+ is not coherent by Proposition 4.4. 0 
We can now show that Rf is not coherent for any domain of dimension three or 
higher. 
Theorem 4.6. Let R be any Noetherian domain of characteristic p. If dim R > 3 then 
R+ is not coherent. 
Proof. Coherence is stable under localization under any multiplicative set, so if m 
is any maximal ideal of height at least 3, then (R - m)-‘Rt =(R,)+ is coherent. 
Thus we can assume that R is local. Let Q be any minimal prime of R such that 
dim R = dim R/Q. Letting S = R/Q we have an injection R -+ S. In this case we can 
consider Rt to be a subring of Sf. Let n = Ri n ms+ . If Rt is coherent then so is 
Rz. By Theorem 4.5, S+ is not coherent, and by the proof of Theorem 4.5, we know 
that the ideal (z,u)S+ is not of finite projective dimension over S+, where z satisfies 
z2 = zzj - wu and U, v, w is part of a system of parameters in S. But we can pick U, t’, vv 
to live in R, and then z E Rf. By Proposition 4.1 and Lemma 4.3, if R’ is coherent 
then (z,u)Rz has a finite free resolution of length at most 2, which will become an 
Sf resolution upon tensoring with S+ (this follows from the generalized version of 
the Buchsbaum-Eisenbud acyclicity criterion since heights of ideals cannot go down 
in the map RT + S+). Therefore R+ is not coherent. 0 
We turn now to the case where dim R = 2. We first record the following facts, for 
which we are indebted to Dale Cutkosky. 
Theorem 4.7. Let k be the algebraic closure of a jinite field and suppose that (R, m) 
is a complete normal domain of dimension 2 with R/m = k. Then Cl(R) is a torsion 
group. 
Proposition 4.8. Let k be a field of positive transcendence d gree over Z/(p). Then 
there exists a jinite extension K of k, and FE K[[x, y,z]] such that R = K[[x, y,z]]/F 
is a normal domain of dimension 2 and Cl(R) contains elements of in$nite order. 
Theorem 4.9. Let (R,m) be a complete local domain containing a field of positive 
transcendence d gree over Z/(p). Then R+ is not coherent. 
Proof. Let k be a coefficient field for R. Then by the Cohen structure theorem, 
R+ = At, where A = k[[u, v]] is regular. Since k has positive transcendence degree over 
Z/(p), R may be assumed to be of the form given by Proposition 4.8 (knowing that 
K is a jinite algebraic extension of k gives that R is module finite over A). Thus we 
may assume that there are elements of infinite order in Cl(R). Let I C R be an ideal 
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such that [ZR] has infinite order in Cl(R). If R’ is coherent then pd,, Ri/IR+ 2 2 by 
Proposition 4.1. ZR+ cannot be principal (since [IR] has infinite order) so 
pd,+ Rf/IR+ = 2. But then there is a module finite normal extension S 2 R such that 
pd, S/IS = 2. In this case IS = xJS where ht(JS) > 2 by the Hilbert-Burch theorem, 
which in turn implies that [ZR] is torsion, contradicting the fact that [ZR] has infinite 
order. Thus R+ is not coherent. 0 
Remark 4.10. Let k be the algebraic closure of Z/(p) and let (R, m) be a complete 
normal domain with R/m = k. Then Theorem 4.7 shows that Cl(A) is torsion. In this 
case every 2 elements in R+ do have a GCD, so every two-generated ideal in Rf has 
finite projective dimension. To see this let a, b E R+. We can assume a, b E R and R is 
normal. Then [(a, b)R] is torsion in Cl(R), so for some n, (a, b)” = yJ where ht(J) > 2. 
But then (a”, b”) = y(c,d) where ht(c,d) > 2, hence y’in is GCD(a, b) in Cl(R). 0 
Remark 4.11. The method of proof used in this section to show R+ is not coherent 
in many situations does not address the projective dimesion of R+/IR+ when ht(I) > 1. 
This is of independent interest, and may be the only way to show Rt lacks coherence 
in the situation of Remark 4.10. 
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